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Explicit solutions for partial
differential equations of
Lord-Shulman thermoelasticity

A.Rodionov *

Abstract

We consider the Lord-Shulman model of thermoelasticity with one
relaxation constant. The corresponding system of four linear par-
tial differential equations is solved by means of holomorphic ex-
pansions. We prove the convergence of expansions and study the
possibility to convert them in finite sums.

Keywords: Lord-Shulman thermoelasticity, Systems of Linear
Partial Differential Equations, Holomorphic expansions.

1 Introduction

The finiteness of the velocity of heat propagation can be taken in account
in the dynamic problems of thermoelasticity due to the presence of the
inertial terms in the corresponding equations. In the Lord-Shulman model
it is done considering a generalized heat transfer equation

Jq(z,t)

TEn —k grad(T")

q(z,t) + 7
instead of the classic one

q(z,t) = —kgrad(T).
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Here ¢(z,t) is the heat flow vector, T is a temperature variation and
7, > 0 is the time relaxation constant. It leads to the more complicated
system than in the classic case. We solve it by means of holomorphic
expansions which were successfully applied in [1] to the system of elastic
equilibrium.

This approach to a system of PDE with k£ unknown functions defined
in the domain D C R™"! consists in

1.

D.

Extend the D to some domain G = {(x,y)|z € D,y € D; C R™ '}
C R*™.

Introduce complex variables z; = x1 + (T2, 20 = T3 + Y1, .-+, Zm =
Tma1+tYm—1 and consider G to be a domain in the multidimensional
complex space C™.

Change the partial differentiation in the initial system for the Cauchy
k k

operators df = %(%—L%) ;dl = 2%(%%%%) it 2 =z +

w; k € N and impose additional conditions (d., — dz,)W(z) =

0, j = 2,...,m which makes the solution W (z) independent of y.

We call this new system a complex analog for the initial one.

Construct solution for the complex analog as a sum of the series

W= 2"W,(z),

|n|=0

with the functions (coefficients) W, (z) to be found. We call this
series holomorphic expansion (HE) of their sum. Here n = (ny,
o), 2 = (21, ooy z2m) € G, 2" = 2z, .-+ 2. Function
W(z) takes values in C*. Exactly W(z) = (WL W2 ... Wk),
WJ . G — C. The unknown functions W,, : G — C* have
the form W,(z) = (Wl (2), W2(2),...,Wk(2)) with Wi : G — C
holomorphic in G.

Substitute HE in the complex analog and find W, (z).

The presented process bases on the following properties of HE proved

in [2].
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I. A holomorphic expansion is term by term differentiable and integrable.

II. The sum holomorphic expansion is zero if and only if all the coeffi-
cients are zero.

Our interest towards Lord-Shulman model is due to its possible prac-
tical importance but it also makes a contribution to our study of systems
of partial differential equations. It is the first attempt to apply holomor-
phic expansions to the partial differential operator of the order greater
than two.

Following the ideas of [1],[2] we show that under certain conditions
only finite number of terms in the HE solution differ from zero. Thus
we enjoy the possibility to express the solutions explicitly by means of
elementary functions. We also prove convergence theorem for formal so-
lutions.

We do not consider boundary value problems but just system of PDE.

2 Complex form of the Lord-Shulman sys-
tem

The Lord-Shulman dynamic system of generalized thermoelasticity [3] is

aQuj 0divU oT
_ AUy =12
p (9752 <)\+/1’) amj ,LL U] +’ya$3 f]7 j 9 737
oT O*T odivU 0% divU
CEE — kAT —+ TtC&W + ’}/907 + ’}/GOTtW = f4. (].)

Here U = (uy, us,us) is a displacement vector, T' stands for the tem-
perature deviation and 7 = a(3\ + 2u). The symbols p, A, 1, a, k, Ce, 6y
and 7; denote the density, Lame moduli, thermal expansion coefficient,
conductivity, specific heat capacity for zero deformation, reference tem-
perature and relaxation time constant respectively. The displacements u;
and the temperature deviation 7" depend on = = (z1,x9,z3) and t. The
variable x belongs to some simply connected domain D C R? and t € R.
The symbol A stands for Laplace operator.

We introduce complex variables z; = x1 4129, 29 = T3+124, 23 = t+1tq
and constants a; = p,ay = A+ p, a3 = p, a4 = v, a5 = k/Ce, ag =
Ty, a7 = Y0/ Ce and ag = v0y7;/C.
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The substitutions 3(V' 4+ V?) for uy, o (V' — V?) for up, V3/2 for
uz, V* for ug, FV for f; and replacement of real differentiation for Cauchy
k k
operators (df = ¢ (a% - L(%) ; dE = o (a% + L(%) if z = x4 1y and
k € N) convert the system (1) in
ad2 V? — aydz, V* + agds, doy (V4 V?) 4+ 2a3ds, doy (V4 V) + aods, d, VP

tard: V' +asd,,d., VP —2a,d2, (V' +V?)+2a3dz, (V' +V?) —aud,, V* = F',
(2)

azd: V? — aydz V4 agds, do, (V= V?) + 2a3ds, o, (V! = V?) + apds, d., VP

—axd2 V'—asd,, d.,V?—2a,d7 (V' =V?)+2a3d>, (V' = V) +asd,, V* = F?,
(3)

azdz, d., V? + axds, d.,V? + asd,, d., V' + (az + a3)d2, V?
—aldng‘?’ - a4d22V4 = F37 (4)

—2agds, d2,V? + 2a5d,d., V* — a7dz, d., V> + 2a5d2, V* — 2a6d2 V* — d.,V*
—a7d,,d,,V? — 2asd,,d> V' — a7d.,d.,V' — 2agd.,d> V? = F*  (5)

21%23 %2723
d, V¥ =d., V¥ | d,V¥=d,V* k=1234 (6)

The complex valued functions V* depend on z = (21,29, 23) € G =
{(z,z4,t,t1)|x € D,(t,z4,t1) € R3 } C C3. The system (2)-(6) is a
complex analog for (1) because the functions u;, us, ug and T derived from
the solutions of (2)-(6) satisfy (1). Equations (6) provide independence
of unknown functions from x4, and ;.

Remark 1. Complex analog for system of equations is not unique.
Remark 2. In the sections 2-4 we set FV equal to zero.

We subtract (3) from (2) and consider Jo(z) = [ (&, 22, 23)dE to
get

—a2d21vl + 2J(a1d33 — a3d§2)V2 - a2d22V3 + CL4V4

d:V? =
! as + 2@3

(7)
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The equation (4) gives

-1

d; V3= ———
as + 2as

(2(1/2sz Vl - 2a2‘]2d22 (de - %di?)VQ
3

(30 + 2a5)2, — 20 + 2a5)2 )V - 2a4sz2V4> (8)
3

and from (5) we obtain

1

LVie ——
! 2(as + 2a3)as

[2@3 (a7d23 + 2a8d§3) Vl—l—

J (2a3d.,d., (2asd., + a7) V?
+ (—2(&2 + 2a3)a5d§2 + 2(agag + 2azaq + a4a8)d33+
(a9 + agar + 2a3)d.,) V4)
—2J° (2azasd?,d2, + asard2,d., — 2a1asd;, — arards ) V). (9)

The substitution of (7),(8),(9) to (2) yields

LV — g aasard., + 2(ara3as + ajasas)dz, B 2a3d§2 — ayd?, 1
! 2a3a5(a2 + 2@3)(@2 + CL3) ag + 2a3

e [(a3a4a7d22dz3 + 2(agaqgas — araza5)d.,d2, N s i ) e
2(15(&2 + ag)((lg + 2@3) ag + 2(13 2

azay(ag + 2a3 + asaz)d., + 2a4(azasas — arazas)dz,
4@3@5 ((ZQ + 2@3)(&2 + CL3)

_ a4d22 I a4a6d§3 ) V4:|
as + 2&3 2&5(&2 + ag)

3 2 4 2 2
ayazasaqdy, — 2(ajasas — arazasag)d;, — azasaqds,d.,
2@3&5(@2 + ag)(a,g + 2&3)

+.J3 [

2923

(aradas + 2ayaza3a5 — aiagag)d? d? sy 1y (10)
CL36L5<CL2 + CL3>(CL2 + 2@3) as + 2CL3 =2



142 A.Rodionov

The last equality holds under restriction V*(0, 29, 23) = 0. Following
the technique of holomorphic expansions we consider unknown functions
to be sums of the series

x
7 N1 N2 N3\, J
VI = E Z11 25 2y anm,ns(zl,z%z;g). (11)
In|=0

. mams (21, 22, 23) are holomorphic in G and |n| = n; +
ng + n3. All the necessary information on HE can be found in [2].
The expressions (6)-(10) provide

The functions V7

(VD = J a3asard., + 2(ara3as + ajasas)d?, B azd?, — ayd2, 1
1 ni+1 — n
2CL36L5<6L2 + 2a3)(a2 + CL3) ag + 2@3
—|—J2 {(a3a4a7d22dz3 + 2(@3@4(18 — a1a2a5)dz2d23 I as diz Vn?’
2@5(&2 + ag)(a2 + 2(13) ao + 2@3
<a3a4(a2 + 2a3 + asaz)d., + 2a4(asasas — ayazas)dz,
4(13&5(&2 + 2a3)(a2 + ag)
B asd?, N asaed?, i
as + 2(13 2&5(&2 + CL3)
73 a1a3a4a7d§3 — 2(atagas — a1a3a4a8)df§3 - a§a4a7d§2dz3
2&3@5(&2 + CL3)(CL2 + 2&3)
(ara3as + 2a1a2a3a5 — a3asas)dz, d2, o e — )
a3a5(a2 + &3)((12 + 2&3) as + 2@3 2 n = 1ns

—CZQlean + 2J(6L1dz3 — agdi)VnQ — QQdZQVnS + (I4V7;1 _

Ly(Vn),  (13)

as + 2@3
—1 a
3 1 2 2 1 52 2
(TLl + 1)‘/;11+1 = m (ZadeQVn - Q(IQJ dz2 (dzg - a_3dz3)vn

+J ((3a2 + 2a3)d?, — Z—;(ag + 2a3)d§3) V3 2a4JdZQVn4) = L3(V},),
(14)
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1
Wyt = -
(n1+ ) ni+1 2(@2“—2@3)@5

—I—J (2a3d22dz3 (2a8d33 + CL7) V,,?

[2a3 (ard-, + 2a5d2,) V!

+ (—2(@2 + 2a3)a5d§2 + 2(agag + 2azag + a4a8)d§3+
(a2 + asar + 2a3)d.,) V,)
—2J? (2a3a8d2 2 + a;;amlﬁzalz3 — 2a1a8d§3 — a1a7d§2) VQ} = Ly(V,

29723 n

(nj + Ve =do, Vi j=1,2,k=1,2,3,4. (16)

Zj'n>o

We put V = (VL V2 V3 VY, and V, = (V}, V2 V3 V4. The index
n stands for (nj,ng,ng) and ny + m stands for (n; + m,ng,n3). The
meanings of the indices ny +m and nz + m are obvious.

The expressions (12)-(16) enable us to find all the coefficients of HE
solution for (2)-(6) starting with arbitrary holomorphic functions Vi
(21, 29, 23), k = 1,2,3,4. The only restriction to impose is 1/017070(0, 29,23) =
0.

The matrix notation transforms (11) in

V=) V()2 (17)

[n|=0
The function V is a formal solution for (2)-(6) if (12)-(16) hold, that
Is

1
Vo= SdRdi LM (18)

29 Yz3

Here L is a matrix operator of dimension 4 x 4. Its elements are:

Lo (a§a4a7d23 + 2(ara3as + ajasas)dz, 2a3d§2 — a1d§3>
L1 2&3&5(@2 + 2@3)(&2 + CL3) a9 + 2@3

3 2 4 2 2
Ll 5 = J3 (a1a3(l4a7d23 — 2((11@2@5 — a1a3a4a8)dzg — a3a'4a7d;;2dz3

2a3a5(a2 + CL3)(CL2 + 2&3)

2923

(aradas + 2ayaza3a5 — aiagag)d? d? as A
a3a5(a2 + (13)(@2 + 2(13) as + 2@3 = )7
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L . J2 (a3a4a7dz2dz3 + 2(@3@4(18 — a1a2a5)d22d33 a9 d3 )
b3 2a5(az + az)(ag + 2a3) as +2asz 2)’
(19)
I - J2 a3a4(a2 + 2&3 + CL46L7)dZ3 + 2(14(&3&4@8 — a1a2a5)d§3
14 4CL36L5<CL2 + 2a3)(a2 + CL3)
a4dz2 a4a6d33 )
as +2a3  2as(ag+az) )’
—aqd, 2J(a1d?, — asd?
Loy = =2, Pl —ady)
’ a9 + 2@3 ’ a9 —I— 2&3
— dz
Los = ﬁ’ Loy = L,
’ as + 2&3 ’ as + 2&3
—2a2d22 2a2J2d22(a3d3 — aldg )
L31 = 5. 3,2 — 2 . )
’ ay + 2@3 ’ Clg(&g -+ 2&3)
o7 (as(3az + 2a3)d2, — a1(as + 2a3)d?)) ro_ 2adds,
%8 = Clg(a,g + 2@3) ’ 34 as + 2(13
L4 = as (a7d23 + 2agd23)
’ (CLQ —f- 2&3)(15
iy — —J? (2azasd2, d2, + azard?, d., — 2a1asd:, — ayazds)) (20)

(CLQ + 2&3)@5
asJ (2a8d22d§3 + a7dz2d23)
(ag + 2a3)as
Lyy=

J (2(aae + 2asa6 + asag)d2, + (az + asar + 2a3)d., — 2(az + 2a3)asd?))
2(&2 —+ 2&3)(15 ’

4,3 =

3 Convergence of formal solution

In this section we study convergence of the series (17) with the operator
L defined by (19) and (20). The denomination H(£2) stands for the set
of complex valued vector functions holomorphic in the domain §2. The
dimension of the vector can be equal to one or four. The context makes

the things clear.
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Let us denote the length of the curve [ by || and state some results
from the theory of functions of complex variable.

Lemma 1. Let Q be a domain in C and 0 € Q. Let L¢ be a set of
rectifiable curves in € with extremes in 0 and & € ). Then the function
I(§) = infier, |I| s continuous in Q.

Corollary 1. Function I(§) reaches its global mazximum M on any com-
pact A C €.

Lemma 2. For all points & of the compact A and for all positive € there
exists a curve | in ) with extremes in 0 and & and with the length less
than M + e.

Lemma 3. Let Q be a simple connected domain, A - compact n €2,

fn) € HQ), |f)| < R VyeA ThenVEeA |[5 f(n)dy| < MR.

We follow with the study of formal solution for (2)-(6). Let Gy be a
simple connected domain and GG; C GG. The curves are considered in Gy
and the function norms ||V|| = maxy<, .cq, [V*(z)| on the compact Gi.

Lemma 4. Letr =" i(k)+ j(k) < co, where i(k) and j(k) take non
negative mteger values. For the operator T, = d'\V Ji) ... gim) jitm) —
[, d Z(k JIK) there exist i and j such that i +j < r and one of the
followmg equalities holds: T, = d.7, T, = J7=" or T, = J7d. .

z1 )

For the proof of above lemma see [1].

Theorem 1. Let Vo € H(G) satisfy the inequality ||d2Vy] < ||Vo||C‘”‘
for some fived constant C > M > 1. Then, the estimate ||V, | <

L (20c)m CHmtn2 s Vol holds for a equal to the mazimum absolute
value of the constant coefficients in the operators L; ;.

Proof. The components of operator L™ consist of 4™ additive terms and
each one is composed of n; operators L; ;. Every operator L;; is a sum
of expressions aJ"d¥2d5d% where a is a constant with the maximum
absolute value equal to . The number of these expressions is equal to
five in L, 5 and it is less than or equal to five in the other operators. The
maximum values of ki, ko, k3 and k4 are 3,1,4 and 4, respectively. They

appear in Lj 9, Laj, L2 and L; 5. That yields the estimation

1
”V || < —<2Oa)mHT (n1) d4n1+n2d4n1+n3‘/ ||,
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where r(ny) < 4n;.
Considering the forms of T} (,,) allowed in the Lemma 4 we get the
desired result.

Corollary 2 The formal solution of (2)-(6) converges uniformly on A if
Vi satisfies the condition of the Theorem 1.

We have at least two possibilities to strengthen the convergence the-
orem. The first one is to change the condition of the theorem 1 for
|d2Voll < [[Vol|(a|n])?™! where o and 3 are some fixed constants. This
also yields to the uniform convergence of the formal solution but generally
speaking it will not take place on the whole A.

Another possibility appears if we consider operator P = (L1 )axa, L2 1=
Lo, L;A = Lo, L} ;=0 for all other combinations of 7 and j. Let us put
Q) = L — P. The operator P is nilpotent (PP = 0)and this fact permits
to reduce considerably the number of additive terms in the expression

L™ =(P+Q)™.

4 Finite solutions of homogeneous system

Let us rewrite (18) as

Vi = d”zd’”(P + Q)" Vy, (21)

n) %2 %3

where P and () are defined at the end of the previous section.
Theorem 2. Let Vo = 25225°®(z,) for some holomorphic ®(z1). Then
Vi, =0 for |n| sufficiently bzg.

Proof Let us expand the expression
Viroo = — —(P+Q)" Vy = Z M V.
Ry T ongl

Here M; = ), N; and N, is a composition of i operators P and
n1 —1 operators (. The order of operators in the compositions is different
for every k in the sum.

Every non-zero entrance in () has differentiation with respect to 2z, or
(and) z3. Therefore N; Vo =0 if ¢ <ny — (N2 + N3).
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Let us consider N,y for i > ny — (N2 + N3) and ny > 2(Ny + N3) +
2. These operators are composed of Ny + N3 or less operators () and
N3 + N3 + 2 or more operators P. Such a composition is zero because
it necessarily has two operators P staying one after another. We proved
that V,, 00 =0 for n; > 2(Ny + N3) + 2.

For every n; (fixed), Vi, 00 is a polynomial with respect to zo and
z3 and the corresponding degrees are less than or equal to Ny and Nj.
Therefore V,, ny.ns = 0 whenever ny > 2(No+N3)+2, ng > Ny or ng > Ni.

We call finite the formal solution for (2)-(6) defined by the initial
function Vy = 202203 ®(z;) because it has only a finite number of non
zero terms. Corresponding solution for the system (1) can be expressed
in terms of elementary functions.

Here we give some examples.

Example 1. The polynomial solution corresponding to the initial func-
tions Vi = VZ =V =0, V@ =z23221is

Uy = x3r? (a1,1t2 + ay ot (427 + 72) + ay 377 (627 + 17) + ay 473 + a1,5:z;§) ,
Uy = 1‘1.232553’/”2 (a271t + GQ,QTQ + a273) s
Uz = I (tz (CL371T2 + 81’%) + a372tr4 + 7’2 (CL3737’4 + CL3’47”2 + a3,5a:§)) ,
T = ZE1I3T2 (a4’1t + (I4’2T2 + a4,3) s

where r = | 21| = (22 + 22)'/2. The constants are

—8(A+ )
11 = —~ 5
’ A+ 3u
_ 11y* 0
a12 = )
3k + 20) (A + 3p0)

A Y00 (2uCe + 7?05 + A\C.)
BT A4k (A 4 20)2 (A + 3p)

- 52y 001 — 14puk — 11pp2k — 3pk\?
’ k(A + 2u) (A + 3pu) ’

- 122001 — 10puk — Tpu?k — 3pk\?

’ k(N + 2u) (A + 3p) ’
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4?60
a =
207 3k + 2u) (A + 3p)
0o — 1°00(20C + 7700 + AC)
22T 24R2 (N + 2u)2 (N + 3p)
— 4 PR+ ) + 12007
2T EOv+2u) (A +3p)
S —2(3\+5p)
LT N+
s 11760
P27 3k + 2u) (N + 3p)

e = 17700210+ 7700 + AC)
P34 (N + 20)2 (M + 3p)

—9pp%k — Ipuk\ + 122001, — 2pkA?

34 = 3uk(h+ 20) (X + 3p) ’
2p
ass = —,
I
sl = 8o
TR+ 3p0)
A 6o (21Ce + 205 + AC.)
v BRA(A +2u) (A +3p)
8uyboti

M3 = T 1 30)

Example 2. To the initial functions Vj} = V@ = Vi =0, V@ = 2222(z, —
1)~* corresponds the solution

uy = x5 (AQy11 + Y12 + y13) + Btyra + 8%y15)

Uy = T3 (—A(2y2,1 + Yoo + Yo3) + Btys s + 8t3y2,5) )
uz = A(ys1 + ys2) + Ctyss,
T =Dx3ysy,
were A,B,C and D are constants given by

3p720, 12p

k(A +2u)(X+3p)’ (A +3u)’
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_ =6pQA ) 5 6o
p(A+3p) 7 k(A +3p)
ro= |z — 1] = ((z1 — 1)? + 23)¥2, and y;; are functions of x; and z,
defined as :
T ri(r —1
Y11 = o1 In(r1) + 2 arctan 2 , Yo = ¥’
r1 — 1 T
r?(xyr? —2(x; — 1)?
Y13 = r*(z + 2) — 27y, Y14 = (2173 7a4< - ) ),
1
(w1 = 1)(r} — 4a3)
Y15 = 6 )
LT
o) r4a72
Yo = T3 In(ry) — 1 arctan , Yoo = — 50
T — 1 Ty
2y (r? — 2(x; — 1
Yoz = —Tor? + 27y, You = 2(r1 r4( 1 ))7
1

To(3r? — 4x3)

Ya25 = T—?7
Y31 = (23 — 23) In(ry) + 22,29 arctan 72 o
Xr1 —

1
Y32 = 5(7’4 + 2r?zy — 4rxims),

r2(r? —x r2(r? —x
y3’3 —= —( 5 1)’ y4’1 — ( 5 1)

1 U1

Example 3. We follow with the solution defined by the initial functions
Vo = tan(z1)z023, Vi = V@ =Vt =0. For 1 < j <3 wu; = R(v;) and
T = R(vq). Here v; = y; 0+ ty;1 + t?y;2. The functions y;,, are

Y10 = T3 (1{31712% 111(008(211)) + 21 (tan(zl) (1{31’2 E% + /{3173) + 21 (1{31742% + ]{31’5)
—|—]{Z176§1Z% + ]{31’721 tan2(21)) s

yQ’O = T3 (k2712% hl(COS(Zl)) -+ 21 (tan(zl) (]{32722% + k’273) + Z1 (k2,42% + k275)
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—|—]€2’6212% + k27721 tan2(zl)) s

Y30 = Z% (/{Z371 tan(zl) + kgygfl hl(COS(Zl)) + 21 (k3,3,§121 + k374)) s

y470 = 17321 (k?4’1 tan2(zl) + 21]6472 (tan(zl) — Zl)) s

Y11 = k/‘178$321 (22’1 — 2tan(zl) — 21 tan2(21)) s

y271 = k278$321 (221 — 2tan(21) + 21 tanQ(zl)) s

Y31 = kaszi (21 — tan(zy)),

Ys1 = kasrsz; tan?(z;),

Y12 = w3tan(z) (k192 (1 + tan?(21)) + 4 tan(z;)),
Yoo = xztan(z) (kaoz1 (1 + tan?(z;)) — 4etan(z)),
Ysz = kseZi tan®(21), ya2 = 0.

The constants £;,, are proportional to

4 = *0(2uCc + 700 + AC)
24K2 (N + 2u)2(A + 3u)
2007 + Apurk + Hpulk + pk?
puk (X + 240) (A + 3p) ’

2
B:2N7

100 + dppk + 3ppk + pkN?

C = :
pk (A + 2p) (A + 3p)
2
py=60o At
D= - 3 E = _4—a
k(A +20) (A + 3p) A+ 3u
_g_tb g M
k(A +3p)’ k(A +3p)’
H— 0o (2uCe + 730y + AC,)

2N+ 2u)(A+3u)
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so that
k11 =64, kio=—2A, ki3=DB, k14 = 2A,
k16 = 34, kir=C, kig =D, k1o =2F,
ko1 = —6LA, koo = —21A, koz=—1B, kos=2.A,
k16 = 34, ko7 = 1C, kog = —1D, kog=21F,
k31 =C, k3o = 2A, kss = A, ksy=—C,
kse = E, ki =G, kio=H,

151
k1,5 = _B>
k2’5 = LB,
k3,5 = ‘DJ
k4,3 = F7

Example 4. We finally give the solution defined by the initial functions

Vo =V = V5 =0, Vi = 25zg(z — 1)

For 1 <j <3 w;j=%R(v;) and T = R(v4).
Here

Vj = Rja Z1 (k‘j,Q Yia t+ k’j73 Yj2 + (k’j74 Y;.3 t+ k’j75 yj74)(21 - 1)_1/2) .

The functions y;,, are

yi1 =31+ 21) — 2, Yo =2 —3(z1 + 1), yz1 =1, ya1 =1,

Y12 = 2027 — 302721 — 803 + 60Z121 + 60z125 — 242 — 452127 + 1202321,

Y2,2 = 205% — 302%2’1 + 80.’13'% — 602121 + 60211’% + 2421 -+ 45212% — 120.%%21,

Y32 = z1(321 — 2), Yp2 = 63;% —3z121 + 274,

Y13 =42 — 2+ $§ - 2212 —3z121 + 321,

Yoz = —421 + 2+ 23 + 227 — 32121 + 371,

Y3z = 21 — 1, Yis =3/Z1 — 21 + 1,
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Y14 = (21 — 1)(=62122 + 12212 — 52221 + 20222, — 67 + 15222+

527 — 203,

You = (21 — 1)(62127 — 122127 — 52221 — 2032 + 621 + 152123+
522 4 2013,
ysa = Z1(z1 — 1)%, Yaa = (21 — 1)(323 — Z121 + Z1).

The constants k;,, are proportional to

~C. 160k()\ + 2u)
A=— , B=———-—"12
120k(\ + 20) (A + 3p) C.
2
O:_BuCe—i—’y 90—1—)\6’67 D— 2C,
C. 3k(\ + 3p)
k1,1 = A, /ﬁ,z =B, kf1,3 = —.C, k1,4 =D, k1,5 = 4C,

k?2,1 = A, 7432,2 = —B, 74?2,3 =C, k’2,4 =B, k‘2,5 = 4.C,

k‘g’l == 40_/4, k’32 = —%LB, k’373 = —LC, ]{?34 = 1_30B’ k’35 = —20,

) )

kig =D, kio= %, kyg = —1C, kyy= %, ks = —2C.

In the examples given above we consider uy, us, uz, and T to be real
parts of (V1 +V?2), (V! —V?), V3/2, and V* respectively. The imagi-
nary parts of these functions solve the system (1) also. Our results could
be compared with closed form solutions for Lord-Shulman partial differ-
ential equations obtained in [4].

HE solutions can help in numerical treatment of initial-boundary value
problems for the system (1). For instance they form a ”benchmark” that
would serve as the standard for judging the accuracy of approximate
techniques. They also are useful in modeling of singularities.

Let us suppose that for some reason a singularity of some known type
is expected in the solution of a initial-boundary value problem for (1). It
is convenient to represent the solution as a sum of two functions. One
has desired singularity, solve (1) but does not satisfy any fixed boundary
condition. We can construct it by HE method because HE solutions
inherit singularities of initial functions (see examples 2,3,4). The other
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function is a smooth solution of boundary value problem and it should
be constructed numerically. The smoothness is an advantage. Another
advantage is that the right hand side of (1) stays unchanged and is equal
to zero.

Finite solutions could be used as a basis for Treftz type numerical
methods [5]. Provided with the set of solutions for (1) we form a linear
combination of these functions and determine the coefficients approxi-
mating initial-boundary conditions. This combination is considered as
an approximate solution for the problem. It solves (1) exactly and this is
an advantage for the error estimation.

5 Finite solutions of non homogeneous sys-
tem

Consider non homogeneous system (1) and the corresponding non ho-
mogeneous system (2)-(6). The coeflicients in the equations are all real
so that there is no need to have FV = f;. The real parts of V7 satisfy
(1) if R(F7) = f;. It means that for an analytic right hand side of (1)
we can construct complex analog and set FV to be sums of holomorphic
expansions just as we state it in (11) for V7.

FI =" 2z a0 F) (21, 72, 23)- (22)

n1,n2,n3
[n|=0

We skip the procedure for solving non homogeneous (2)-(6) because it
is quite similar to the schedule described in the section 2. The expressions
(12)-(16) transform into

J(a2 —|— 2(13)

nvl. . =L(V,)—
<n1+ ) ni+1 1( ) 8@3(a2+a3)

(F,, +uE7)

J3 (2&2@5((12 + a3>d32 + 2(&3&4@8 — a1a2a5)dz3 + CL3(L4CL7dZ3) (Fl F2 )
— — 1L
8&3@5(&2 —|— CL3>(CL2 —|— 20,3) ™ m

4@3(&2 + Cbg) nmo 8&5(@2 + a3) m’
(23)

J?a2(n; + 1)

1 2
8az(as + as) (Fry1 = e ) +
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J
2 | =Ly(V,) — ———

ni

(Fy, —F2), (24)

J26L2d22

J
- == (P! F?)y—- —F3 25
2a3(ay —|—2a3)( ) (25)

" 2a3 "’

(n1+ 1>V1$1+1 = L3(V,) +

B J?d,, (a7 + 2ag)d.,
das(as + 2a3)

(FL —1F2)—-LF* | (26)

(nl—f—]‘)vni—}—l = L4(Vn) 4a5 ni?

(nj+DVE =d, Vi, j=1,2,k=1,234. (27)

z2; Vs

The sum of the holomorphic expansion (17) solve (2)-(6) and generate
solution for non homogeneous system (1). The solution is finite if the sums
in (22) are finite and all FV are polynomials with respect to z; and zs.
The proof is similar to the theorem 2.

Example 5. To solve (1) with f; = fo = f3 = 0 and fy = 8(z; —
Dast? (21 — 1)% — 322) ((x1 — 1)2 — 22) ™ we consider F! = F2 = F3 =
0, F* = (2354 23)%*(22 + Z2)(21 — 1) and Vy = 0 in (23) - (27). The
corresponding solution for (1) is u; = R(v;),j = 1,2,3 and T = R(vy).
The functions v; are:

v = 215(]3 [621[71,(21 - ].) (AZl (21 + 421 — 4) + Bt + C)

+Dzt* (22, — 2121 + 221 — 227) (2 — 1) 72
+ Bzt (2’1(32f +22121 + 32— 6)(zy — 1) — 67TL>
+3AZ] (z1(21 + 2) — 2m)+4AZ (21(2]) + 227 +6) (21 — 1) 7" — 6mu(z1 — 1))
+(2C = 36A4)z72{ (21 — 1) +3C7 (21(21 + 2) — 2m0)]

vy = 1Z1w3 [621In(z; — 1) (AZ1 (21 — 421 +4) — Bt — C)
+Dzt*(22, — 2121 — 221 +227) (2 — 1) 72
—Bzit (21(32] — 2212 + 321 — 6)(21 — 1) — 6me)
+3AZ] (z1(21 + 2) — 2m)—4AZ] (21(2] + 227 +6) (21 — 1) 7' — 6me(z — 1))
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+(2C 4+ 36A4)z1 27 (21 — 1) " = 3Cz (21(21 + 2) — 270)]

v3 =z [2In(z — 1) (Bt + 3A(z; — 1) + O)
— D2 (2 — 1) 'z 4 Bt (21(21 + 2) — 2m0)
+ A% (21(2] 4+ 321 — 6) 4+ 6me(21 — 1) — 2m0) + C (21(21 + 2))]

Vg4 = Z%LE:; [Elen(zl - 1) + F21t2<21 - 2)(21 — 1)_221_1 + GZ%t(Zl — 1>_1
+Hz (21(21 4 2) — 2m0) + 127 (2 — 1) 71
The constants are:

9C(CeA + 21) +1%6,)° 1O (Ce(X +2p1) + 726

A= B=—
4608(\ + 20)°k5 06(X + 20)2k2
O _706 (Ceri( N+ 2u) + pk + v20o7) D ~C.,
96(\ + 21)2k2 ! SO\ + 20)k

E = 96A\+2u)y F =8D(\+2u)y !,
G = 24B\ +2u)y 1, H=FE/2,
] = GTt.

The possibility to construct exact particular solution is attractive be-
cause one can reduce a boundary value problem with singular right hand
side to an homogeneous system.
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Eksplicitna resenja parcijalnih diferencijalnih
jednacina Lord-Shulman termoelasti¢nosti

Razmatra se Lord-Shulman model termoelasti¢nosti sa jednom relaksa-
cionom konstantom. Odgovarajuci sistem od ¢etiri linearne parcijalne
diferencijalne jednacine je resen pomocu holomorfnih razvoja. Konver-
gencija razvoja je dokazana i proucena je mogunost njihovog prelaska u
konac¢ne sume.
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