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Correlation between mechanical
and conductiv e prop erties
of porous/micro cracked metals

Igor Sevostiano v

Abstract

Di eren t physical properties of anisotropic porous/microcradked
materials - the elastic and the conductive ones,in particular - can
be explicitly related to one another. The practical usefulnessof
sudch relations liesin the fact that onephysical property (say, elec-
tric conductivity) may be easierto measurethan the other (say,
full set of anisotropic elastic constarts). Man-made microstruc-
tures designedfor the optimal combinadl elastic/conductive per-
formanceconstitute yet another application. Theserelations, de-
rived from the micromedanical considerations,are con rmed by
experiments on seweral heterogeneousnaterials. It is alsoshavn
that the anisotropic yield surfacefor a porousductile material can
be constructed from measuremets of the e ectiv e electric con-
ductivities. The derived cross-progerty correlations are sensitive
to pore aspect ratios and Poisson'sratio of the virgin material.

1 Intro duction

Correlations betweenthe e ects of microcrads, poresand variousinho-
mogeneitieson di erent physical properties - elasticand conductive, for
example- constitute one of the most challenging problemsin materials
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science. This task is quite challenging: not only the governing equa-
tions of elasticity and conductivity are di erent, but ewen the tensors
that characterizethe mertioned properties are of di erent ranks (fourth

rank tensor of elastic moduli vs secondrank tensor of conductivity), so
that the cross-progrty correlationsshouldinterrelate di erent numbers
of independent componerts.

Cross-property relations betweenvarious e ectiv e properties of het-
erogeneousnaterials have beenexaminedin seeral works. The most
relevant for the presern work is the classicalpaper of Bristow [1] in which
an explicit connectionbetweenthe e ective conductivity and e ective
elastic moduli of a solid with cradks was derived. The derivation was
donein the framework of the non-interaction appraximation and for the
caseof random cradk orientations (overall isotropy).

The conductivity - elasticity correlations were further investigated
in [2] for the two-phasecomposites, where the cross-progerty bounds
(that are narrower than the classicalHashin-Shrikman's ones)were es-
tablished. These cross-progrty bounds were substartially advanced
by Gibiansky and Torquato [3-5], who narrowed them under additional
restrictions on the composite microgeometryand on the properties of
constituerts. Practical needsof materials science howeer, call for the
cross-progerty connectionsthat, preferably

have the explicit form;
can be applied to strongly anisotropic microstructures;

remain accurate at high cortrast betweenthe phases(materials
with poresor microcradks)

Relations of this kind wererecerly obtained in recert works [6-10].
They explicitly interrelated full setsof anisotropicelasticand conductive
constaris of heterogeneougnaterials that cortain inhomogeneitiesof
diverseshapesand orientations.

The elasticity conductivity relations allow oneto go further. In the
presen paper, it is shovn that the anisotropicyield surfacefor a porous
ductile material can be constructed from measuremets of the e ective
electric conductivities. Experimertal determination of the yield surface
of a ductile material usually requiresmultiple tests and involvesinaccu-
racies. The procedureis particularly cumbersomein the caseof plastic
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anisotropy. The derived yield-conductivity relations allow oneto sim-
plify this proceduresigni cantly.

For ductile porousmaterials, the yield surfacewasearlier constructed
explicitly in terms of the porousspacegeometry[11], underthe following
two conditions - restrictions that apply to the presen work aswell:

The matrix ("dense") material hasaclearlyidenti able yield point,
followed by a horizontal plateau.

The porosity doesnot exceedlevels of the order of 15% (beyond
this point, the stress-straincurve may lose a clearly iderti able
yield point).

Howewer, the information on the porous spacerequired for sud a
construction - distributions of pore shapesand orientations - may not
be readily available (for example,the information on details of the ori-
entational distribution of pores, like the orientational scatter about a
certain preferertial orientation). The presen work expresseghe yield
surfacein terms of conductivities. In particular, this suggestsa conve-
nient methodology to construct a (generally anisotropic) yield surface
of a porous metal.

It should also be mertioned that correlation betweenother pairs of
e ectiv e properties were consideredin a number of works. Levin [12]
interrelated the e ective bulk modulus and the e ective thermal ex-
pansion coe cien t of the two phaseisotropic composites. Milton [13]
establishedcross-progerty boundsfor the transport and the optical con-
stants of isotropic composites. Similar boundsfor the electrical and the
magnetic properties were given by Cherkaev and Gibiansky [14]. The
generalapproad to establishingvarious cross-progerty correlationswas
outlined in [15, 16].

2 Prop erty contribution tensors
of an inclusion

In this section we briey outline the results derived in [7, 17]. We
considera certain referencevolume V of an in nite three-dimensional
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mediumwith aninclusionof volumeV - aregionpossessinglastic/con-
ductive properties di erent from the onesof the surrounding material.
The properties of the inclusion and of the matrix will be denotedby an
asteriskand by "0", respectively.

2.1 Compliance contribution tensors

The compliancecortribution tensorH of an inclusionis de ned by the
following relation for the overall strain per volume V:

"i = Sj «+ Hiw w (2.1)

wherethe secondterm represets the strain change " dueto the pres-
enceof the inclusion. H - tensor dependson the inclusion shape and
its elastic properties. (S is the matrix compliancetensorand s the
"remotely applied" stress,assumedto be homogeneousn the absence
of the inclusion). H - tensoris related to Eshelly's tensor s as follows
[7]: v
— 0. 1
H= v C":(J )

For a generalellipsoid, componerts Hj i, are expressedn terms of
elliptic integrals. They reduceto elemerary functionsfor the ellipsoid of
revolution (spheroid). Our analysisrequiresexplicit analytic inversions
of fourth rank tensors. Sud inversionscanbe doneby represeting these
tensorsin terms of a certain "standard" tensorial basisT @ :::; T (6 [18]
(seeAppendix):

(2.2)

h T ®; (2.3)
k=1
sothat nding thesetensorsreducesto calculation of factors hy. Us-
ing the represemations for tensorsof elastic sti ness, Eshelly's tensor
and unit tensor in terms of this basis (Appendix) yields the following
relations for the coe cien ts: Compliancecortribution tensor:

he = (fo f1) .
1T 2G4 DR2(fo f) @ D
1

2% Gl @ )fo fal
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(2f o fo+ 2f1)

ha= h, = ; 2.4
M G,@ DR(. fy @ g Y
hs = 4 ;
> 7 4G [fo + 4f4]’
he = 4 1 6f +2fy 2f
°T 4G4 DR(f. f) (¢ DF
Hereafterthe following notations are used:
N SR )}
T20 o) T 2(7 wy
2 2
fi=—— 2°+1 3 2.5
1 4( 2 1)2 g ( )
wherethe shape factor g is expressedn terms of aspectratio asfollows
8 p_—
2 —p%arctan ! . oblateshag ( < 1)
o( )= ) P (2.6)
T P= lIn P— = prolate shag ( > 1)

In the caseof the overall transverseisotropy, the changein the elastic
compliancetensor due to an inhomogeneiy hasthe structure

Vv
VEg

S So == [\Nll I + Wotr J+ (27)

Wz (Inn + nnl )+ W, (J nn+ nn J)+ Wsnnnn |

wherecoe cien ts W, are expressedn terms of coe cien ts h; asfollows:
W, = hl h2:2; W, = hz; W3 = 2h3 + h2 2h1

W, = h5 2h2, W5 = he + hl + h2:2 2h3 h5 (28)
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2.2 Resistivit y contribution tensors

Utilizing the sameapproad asthe onefor the elasticproblem, resistivity
cortribution tensorsH® can be expressedn terms of Eshelly's tensor
for conductivity problem s© as follows:

HC:V_E | SC

V ko (2.9)
In the caseof the spheroidalpore, tensors® hasthe following form:
SK=fo( ) nn)+ (1 2f¢())nn (2.10)

wherefqo( )is given by (2.9). Substituting this result into (4.2) yields
the following expressionfor H¢

vV 1
C — [ —
HC = v kOfAll + Aonng (2.11)
wherefactors A; and A, are as follows
1 1 3fo()
A= — A, = 2.12
() T HOn fy 00 o

In the caseof overall transverseisotropy the changein conductivity
dueto a pore can be obtained as

K1 Kyt= V—i(|A1+ A,nn) (2.13)
V ko

3 Correlation between elastic and electric
prop erties of porous metals

Establishing the sough cross-progrty correlationscrucially dependson
the possibility to express,with su cient accuracy the compliancecon-
tribution tensorof a porein terms of a certain secondrank tensor. The
following two issuesshould be addressedn this cortext.

(A) For a solid with one pore, we idertify the inclusion shapes for
which the characterization by H tensor can be reduced,with su cien t
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accuracy to onein terms of a certain secondrank symmetric tensor
2

isotr OpiC terms (E . 1)

Bs(l +1 )+Bs( J+J );

whereB; are scalarcoe cien ts that depend on the inclusion shape and
on the matrix-inclusion elastic cortrast. The "isotropic terms" in (3.1)
are expressedn terms of the secondrank and fourth rank unit tensors
(Ij = 4 and 2Jj4 = « j1+ i jk) and, thus, do not depend on the
inclusion orientation.

(B) For a solid with many pores(analyzedin the framework of the
non-interactilgn approximation) a similar structure shouldbe established
for the sum  H®,

In the caseof axial symmetry of the pore shape (spheroid, for ex-
ample), the represemation (3.1) implies the following restrictions on
coe cien ts h;:

h6+ h1+ h22 2h3 h5 = 0: (32)

With the trivial exception of a sphere, represemations (3.1) do not
hold exactly. But condition (3.2) is satis ed, with good accuracy for
spheroidswithin seweral rangesof parametersthat, being su cien tly
wide, are relevant for realistic matrix composites. Indeed, one can con-
struct a ctitious compliancecortribution tensor A, with coe cien ts ﬁi
in the tensorial basisthat are obtained from h; by multiplication of h;
by either (1+ ) or (1 ), and choose in sud a way that condition
(3.2) is satis ed exactly for fi;:

f, = hy(@ signhy); A= h(1  signhy);

>>
»
|

hs(L+ signhg); fAs= hs(1+ signhs) (3.3)

>
>
|

he (1 signhe);

= - = — 3.4
el + Jha] + 1ol =2+ 2jhaj + I (34)
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Then we nd that the error of this appraximation, as estimated
by the norm max;; KI;Hij k160 Hij Kl Iqij ki =H i kI » is equal to j j The
choice of this norm, asthe measureof accuracyof represemation (3.1),
correspndsto the requiremen that strain responsesto all stressstates
of the actual and of the ctitious inclusionsare closeif the norm is small.
Fig 1 illustrates dependenceof | jonthe pore aspectratio and Poisson's
ratio of the matrix.

Thus, we obtain the following expressiondor coe cien ts B;:

Bi= Ep ﬁl ﬁ2=2 By = Eoﬁz

Bz = Eg 2ﬁ3+ ﬁz Zﬁl : Bsa= Ep ﬁ5 Zﬁz (35)

Fig 2, illustrate thesecoe cien ts as functions of the inclusion's aspect
ratio and of the matrix Poisson'sratio.

For a solid with many pores,we seekto approximate the sum (over
all inclusions) by the expressions

1
HK = — I+ + 3.6
E0 Pb[_{z pt&iisotr opic terms ( )

(M1 + 1)+ b(! J+J 1))

wherep is the volume concerttration of poresand by, are scalarcoef-
cients that depend on the averageinclusion shapes, as well as on the
Poisson'sratio of the matrix .

Note that represemation (3.1) for one inclusion constitutes a neces-
sary, but not a su cien t condition for represemation (3.6) to hold (with
an important exception of the casewhen all the inhomogeneitieshave
identical shapes). This is due to the fact that, for mixtures of diverse
shapes, coe cien ts B; ertering (3.1) are di erent for di erent inhomo-
geneities. The analysisbelov shows that, newertheless,represetation
(3.6) holds for a wide range of realistic microstructures.

Remark 1 Asidefrom beinga keypoint in establishinghe cross-poperty
correlations, representation (3.6) (whenit is possible)hasfar reaching
implications, as follows [6].
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1. It impliesthat a solid with poresis approximately orthotropic (or-
thotropy beingcoaxialwith the principal axesof! ). Weemphasize
that the orthotropy holds for any orientational and aspect ratio
distributions of pores,including caseswhen the orthotropic sym-
metry doesnot seemto agreewith intuition (like seweral families
of parallel cradks inclined at arbitrary anglesto ead other).

2. Moreover, the orthotropy due to inclusionsis of a special, simpli-
ed type. This is due to the fact that the e ective compliance
tensor S can be expressedn terms of a symmetric secondrank
tensor! .

For a solid with many inclusions,we obtain (in framesof non-interaction
appraximation), utilizing relations (3.6) and (2.13), the following e ec-
tive compliancesand conductivities:

11 X . X .
S=Sy+ —= 11 (v B)"+J3 (v Bp)W+ (3.7)
EoV i i
! ! 3
X _ X .
+ 1 (Vv Bsnn)® + J  (V Ban)® 5
i ( symm i symm
1 o 1 X i, X 0
K Ko'= g | v AP+ (v Aunn) (3.8)
0

| |

wherecoe cien ts B; and A; are given by (3.5) and (2.12), respectively
and the subscript "symm" refersto the symmetrization appropriate for
the elasticity tensors.

These formulae apply to an arbitrary mixture of pores of diverse
aspect ratios and orientations and cortain factors A; and B; that de-
pend on the pore §hapes. Sincethe]iefactors are di erent for di erent
inclusions,tensors (V Bijnn) and (V Aznn) entering S and K, re-
spectively, cannot, generally be expressedn terms of ead other and
may not even be coaxial.

Howevwer, if pores'aspect ratios are not correlatedwith either orien-
tations of the poresor their volumes(note that volumesand orientations
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may be correlated), coe cien ts B; and A; can be replacedby their av-
eragesand taken out of the summation signs(if all the inclusionshave
the sameorientation n, this requiremen reducesto the condition that
the distributions over shapes and over volumes of the inclusions are
uncorrelated). This important caseappearsto be relevant for realistic
microstructures.

Then two tensorsS and K are expressedn terms of the samesecond
rank symmetric tensor ("p orosity tensor"):

1 X
| = — (k)
b=y k (V nn) (3.9)

P
Note that its tracetr! = (1=V) V is the volume fraction of poresp.
Thus,

S= So+ —p(byll + bd)+ —[bs(1 1+ 11) +h (0 J+J 1)] (3.10)
Eo Eo

1
Kt Kyt= k—ofa1c|+a2!g (3.11)

Coe cien ts b and a;- averageshape factorsfor the elasticity problem
and for the conductivity problem, respectively - are averages(over all
the cavities) of coe cients B; and A;:

A A
b= Bi() ()d; a= A() ()d (3.12)

0 0

where () is the shape distribution density. Functions B;( ) and
Ai (), givenby (3.5) and (2.12), are illustrated in Figs 2,3.

Remark 2 The possibility to express elasticity tensor S in terms of
symmetric second rank tensor ! has interesting physial implications.
Besidesimplying the ovemll elastic orthotropy for any orientational dis-
tribution of pores, it alsoimplies that the orthotropic elastic tensorsare
coaxial with ! and, therefore, are coaxial with the ovemll conductivity
tensor K. The accuracy of thesestatementsis determinel by the accu-
racy of representationof S in terms! .
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We now return to cross-progerty correlations. Expressingporosity
tensor! in termsof K from (3.11) and substituting it into (3.10) yields
a cross-progerty correlation - a closedform expressionof the e ective
compliancetensor in terms of the e ectiv e conductivity tensor:

h i
Eo(S So)= M1+ 220 [r (oK 1) 3]+
2K 1 NI+ T(kK 1 D]+ (3.13)

+2[(kK T 1) I+ T (koK T 1)

The expression(3.13) is appraximate (due to the approximate char-
acter of represetations (3.6) of the elasticity tensorin terms of a sec-
ond rank tensor). The derived cross-progrty correlation cortains four
shaye factors - combinations of a; and - that depend on the average
pore shapes. Their presencere ects the fact that the in uence of pore
shapeson the elasticand on the conductive e ectiv e propertiesis some-
what di erent (otherwise, the cross-progerty correlations would have
beeninclusion shape-independen).

The utilit y of the explicit cross-progrty correlation (3.13) can be
viewed asfollows. If the e ective conductivity tensor K is known, then
the only additional information neededto nd the full setof anisotropic
e ectiv e elastic constarts is the knowledgeof averagepore shapes- fac-
tors b and a and not the orientational distribution. Without the cross-
property correlation, tensor S can be expressedn terms of the porosity
tensor! . Howewer, its knowledgerequiresa rather detailed information
(of the orientational character) on the microstructure and may not be
readily available. Utilization of the cross-progerty correlation makesthe
knowledgeof ! unnecessary

3.1 Homogeneous material with micro cracks

In the caseof isotropy (random cradk orientations), the explicit cross-
property correlationsweregivenby Bristow [1]; in the generalanisotropic
case,sud correlationswerederivedin [6]. In the latter work, the analy-
siswasdonein terms of compliancecortribution tensors(H -tensors)of
cradks. Howewer, the conductivity cortribution tensorof cradk wasused
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instead of the resisitvity related one, that may lead to a wrong result
at high crack densities. In the caseof craks, both the e ective conduc-
tivities and the appraoximate represetation of the elastic properties are
given in terms of a symmetric secondrank crack density tensor

X
= (]_:V) ann (314)

Its rst invagant tr  coincideswith the corvertional scalarcrac density
= (1=V) ad In terms of , the e ective conductivity tensor is

expresseexactly :
K = ko(l +8 =3) * (3.15)

and the e ective compliancetensor S - appraximately as follows:

16(1 )

S=Sp+ 2
732 o)Eo

[ isdsiki + Jijks sl (3.16)

Expressingnow intermsof K K¢ from (3.15) and substituting into
(3.16) yields the explicit cross-progerty relation:

21§
(2 o)Eo
In particular, it impliesavery simpleone-to-onecorrespndencebetween

the e ective Young'smoduli E; and the principal conductivitiesk; in the
samedirections:

S=Sp+ KoK 1 1 J+J koK | (3.17)

Eo Ei_4(1 {ko Kk
EE 2 ki
Note, that the sensitivity of the factor ertering (3.18) to Poisson'sratio
is very low (it is 2.00for both o= 0and = 0.5, reading 2.144for
o = 0:27). Formula (3.18) recovers results of Bristow for the caseof
e ectiv e isotropy.

(3.18)

Remark 3 A physially important observationis that, asfar asthe ef-
fective conductivities, e ective complianas and the cross-poperty cor-
relations are concerned, strongly oblate pores can be replaed by cracks
[6]. Thus, all the relations derived in the present subsetion, apply to
materials with pores having aspect ratios < 0:15
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3.2 The case of overall isotrop y

If the porous material is isotropic (pores are either spherical or ran-
domly oriented), tensor! is isotropic (! = cl) and the cross-progerty
correlation (3.17) takesthe following form, that cortains only two shape
factors- coecients at Il and J:

ko Kk b1+b3”+ b+ by

- kEO 3a; + a 3a; + a

S=S5p+ J (3.19)

We note that the overall isotropy takesplacein oneof the two cases:
(A) sphericalinclusionsand (B) randomly oriented non-sphericalinclu-
sions. While in case(A) the cross-progerty correlation (3.19) becomes
exact, in the case(B) it is appraximate, sinceit is basedon the ap-
proximate represemations of tensorH in terms of a secondrank tensor.
Howewer, in case(B), the exactcross-progrty correlation canbe derived
independenly (without usingthe appraximation (3.1)). Indeed,in this
case,the exact represemation (2.7) of the e ective elastic compliance
tensoris:

Eo (S So) = p(Wl + W3$+ W5:15) [+
c(wy + wy=3+ ws=15)J (3.20)
wherew; arerelated to W; for the individual inclusions(given by (2.8))

by formulas analogousto (3.12). The e ective conductivity in the case
of isotropy takesthe form

k=ko=1 ap ap=3 (3.21)
Solving for the porosity p from (3.21) and substituting into (3.20)
yields the exact cross-progerty correlation for isotropic porous material

3(k0 k) wy + W3=3+ ws=15

I+
k 3a; + a

Eo(S So) =

Wo + Wy=3 + W5=15J
3a; + a
In particular, the e ective Young's modulus and Poisson'sratio are
exactly expressedn terms of the e ectiv e conductivity k asfollows:

(3.22)

Eo E _ 3(W1+ W2)+W3+ Wy + 2W5:5k0 k
E B 3a;, + & k

(3.23)
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_ ok (331 + az) (ko k) (3W1 + W3 + W5:5)
T [k(3ar+ @) + (koK) (Bwy + 3wy + W3+ Wy + 2Wws=5)]

4 Exp erimen tal verication

The cross-progerty correlations were derived in the previous sectionin
the framework of non-interaction appraximation. To extend the appli-
cability of the derived correlationsto high concerttrations of inclusions,
we suggestand experimertally verify the following key hypothesis: in-
teractions between pores a ect both groups of properties - elastic and
conductive- in a similar way, so that the cross-poperty correlations de-
rived in the non-interaction approximation continue to hold (although
this appraximation may yield substartial errors for ead of the proper-
ties sefrately). This hypothesiswas rst suggestedoy Bristow [1]. In
this sectionwe discusstwo materials - metal foam and aluminum alloy
containing multiple microcradks dueto cyclic loading (fatigue damage).

4.1 Metal foam [9]

To verify the theoretical predictions, Young moduli and electric con-
ductivities of AIMgSi foam were measuredat various levels of porosity
(from 70 to 90%). Then Young's modulus was calculated via electric
conductivities and comparedwith the experimertal measuremets.

In the caseof randomly distributed pores (overall isotropy) that
slightly dier from spherical shape (note, that "slightly" allows vari-
ation in the aspect ratio from 0.7 to 1.4 [6])

1 1 p 3(1 0)(O+50)
= — + 41
Eadr Eo 1 p 2(7 5 ) (1)

and 1 1 1 3
+ p

keit Ko 2ko1l p

Now expressingp from (4.2) and substituting it into (4.1) givesus cross-
property correlation for porous material in the form:

(4.2)

Eo Eet _ (1 0)(9+50)ko Kert

= 4.3
Eett (7 50 Kett (4.3)
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Aluminum foam sampleswere preparedin Institute of Materials and
Machine Medhanics, Slovak Acadeny of Sciencesby the powder met-
allurgy technique. Two di erent geometriesof the test specimenswere
used: cylindrical rodswith a diameter of 25 mm and length 300mm (for
measuringmodulus of elasticity) and at plates with dimensions140 x
140x 8.5 mm (for measuringelectrical conductivity). The poreswithin
specimenshave usually averageradii in the range of 0.5 - 2.5 mm de-
pending on the porosity. The computer analysisof samplecross-section
revealedthat poreswere preferertially oriented parallel to the sample
axis/horizontal basewith slightly elongated pore shape (see Fig.4a).
Howewer, the degreeof the anisotropy of electric conductivity wasfound
to be smallerthan 10%for porosity higher than 78% and to be smaller
than 20% for porosity higher than 63%. Therefore, the samplecan be
consideredas almost isotropic. (seeFig.1).

The electrical conductivity of the at aluminum foam sampleswas
calculatedfrom the geometryand resistanceof the specimengseeFig.4b).
The resistancemeasuremets wereperformedby the "four point" method
in which four sharp tungsten electrodesare positioned under an optical
microscope and are medanically pressedn the samplesurface. All the
electrades should be aligned in oneline. The outer two electrodes are
current bearing while the inner two electradesin betweenare usedfor
the voltage tap over the electrode distance. The modulus of elastic-
ity of the foam was determined from free vibrations of the sample (in
order to eliminate any plastic deformation during tensile/compression
test). The cylindrical specimenswere vibrated longitudinally using an
"impact hammer" [19] while the frequencyresponsewas measuredwith
an accelerometer. The samples'vibration responseexhibits amplitude
maximum for various resonan frequenciescorrespnding to harmonic
oscillations. The modulus of elasticity (Fig.4c) E is calculatedfrom the
resonan frequencyf, accordingto

fn 2
E=_: ZLF ; (4.4)

wheren is the order of the resonan frequencyin harmonic oscillation,
is the density and L is the length of the specimen.

To verify the cross-progerty correlation, we substitute the measured

values of electric conductivity at various levels of porosity into (4.3)
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and comparethus obtained valuesof E¢ ¢ =E; with experimertal mea-
suremers. The results of the comparisonare presened in Fig.4c. The
agreemenh between the theoretical predictions and experimertal mea-
suremeitts is better than 10%for all consideredporosity levelsas shavn
in Table 1.

4.2 Micro cracked material [10]

Aluminum alloy (Aluminum 2124-T351)samplesreinforced with 15%,
20%and 25%volumefraction of particulate of Aluminum 3003-H18were
used for experimertal veri cation of the cross-progerty correlation for
microcradked material. The specimenshad geometryof cylindrical rods
with a diameter of 25 mm and length 300 mm. The medanical prop-
erties of the matrix and the inclusions almost coincide (see Table 2).
The only reasonfor choosingthe composition instead of a homogeneous
material is to create stressconcenrators at interfaces(due to imperfect
contacts) to promote nucleation of microcracks. The specimenswere
subjected to an axial force. All tests were performed under a strain-
cortrolled mode (1.4% strain). The input signalswere generatedby a
computer program. Through the feedba& systems,the axial load was
adjustedto maintain the value axial strain readingto that of the initial
input signal. Data were recordedin a real time mode by a computer
and the hysteresisloop in axial direction was plotted on the monitor
(seeFig.5a). The electrical conductivity in the loading direction was
calculatedfrom the geometryand resistanceof the samplein this direc-
tion. The resistancemeasuremen was performed by the "four point"
method (described in the previous subsection). The changein electric
conductivity is presentied in Fig.5b asa function of number of cyclesfor
three di erent concerrations of inclusions. Note that the decreasean
conductivity is bigger for higher inclusion concettrations. The Young's
modulus of the specimen along the loading direction was determined
from the freevibrations of the sample. To verify formula (3.18), we sub-
stitute the measuredvaluesof electric conductivity at various numbers
of cyclesinto (3.18) and comparethe obtained by sud a way valuesof
E; with experimertal measuremets. The results of the comparisonare
preserted in Fig.5c. The agreemeh betweenthe theoretical prediction
and experimertal measuremets is better than 15% for all considered
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valuesof conductivity. Note, that, the cross-progrty correlation in the
framework of non-int eractionapproximation isidentical to thosede-
rived in the framework of Mori-Tanalka's sheme[20, 21]. Thereforewe
veri ed the hypothesisformulated in the beginningof this section- that
the interactionsa ect both groupsof properties- elasticand conductive
- in a similar way, sothat the cross-progerty correlationsderived in the
non-interaction appraximation cortinue to hold at high concerrations
of the defectsalthough this approximation may yield substartial errors
for ead of the properties separately

5 Plastic yield in terms of e ectiv e electric
conductivities

It is well known that porosity enhance9lasticity in elastic-plasticmate-
rials (in the sensehat the macroscopilasticity is identi ed with lower
level of stresses).The transverselyisotropic yield condition of a porous
material hasthe form [22]:

2 % = ﬁl( kk)z{; As i + (5.1)

isotropic part

1%( Kk) 33""?24 3 jat As %

anisotropic part

where isyield stressof the matrix materialand j =  ( «w=3) j
is the stressdeviator. In cortrast with the densematerial, this yield
condition is sensitive to the rst invariant of stresses yx (terms with
coe cients A; and A3). In the caseof the overall isotropy (spherical
poresor randomly oriented non-sphericalones),only the rst two terms
of (5.1) remain.

Dimensionlessfactors A; 5 are key parametersthat depend on the
pore shapes. They can be expregsedn terms of the compliancecortri-
bution tensorsof the porest = H® [11]as
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Av = g 6L Qfur 6 ofir 1+ i, +

25 102+ 6z A2

A, = 1+ 4Goh, + 4G22

h i
Az = 4G°0h 2fy+ (1+ o)fiz+ (2+ o)ﬁaI ofi +

1+

4G2 a0 hs + 20hs  aR2+ A2 2R2
A, = 4G, hs 2R, +2G2 Az 42

h [
A5 = 2G0 h2ﬁ1 + ﬁz 4ﬁ3 2ﬁ5 + Zﬁe + i
2G2 402+ A2+ 6h2 A2+ 22 4h; 2R, + fAg

(5.2)

These expressionsare veri ed numerically in [23]. Now let us use
the elasticity/conductivit y cross-progerty relation (3.13) in the following

form

EoR = Eo(S So) = (Cill + CoI)[kotr (K 1) 3]+
Csl(koK T DI+ 1 (koK * D]+
Cal(koK X 1) J+J (kK 1 1]
where

C= —; Cy=

a(a,+ 3a) ° a(axt3a) 0 a

ba, ey, . _ ka e . _ b by
a

(5.3)

(5.4)

Represeting tensor A as a linear combination of six "standard" ten-

. _ P
sorsT (™ (the "standard" tensorial basis) A = AmT ™M we get the

m=1
following expressiondor the coe cien ts fin:



Correlation betweenmedanical and conductive properties... 307

i = (2C1+ Co+ 2Cs+ Cp)loku+ i+ 1C, okn

kll k33

A, = 2(Co+ Cyp) fotu + Colo =

K11
fs = Ay=(2C, + Cy) o ki + (Cy + Cy) % (5.5)
fls = 2(2C,+ Co bt + 2(Co+ Co) bk

fs = 2(Ci+ Cp) ke + (Cr+ Co+ 2C3+ 2C,) Mok

Substituting now (5.5) into (5.2) expresseghe plastic yield factors
A; in terms of the conductivities:

2
— ko Kk ko k ko k
A, = " oklln + 1 0k3333 + o oklln +
2
ko Kss Ko ki1 ko ka3 -
14 k33 + 57 ki ksz ’
ko k ko k ko k 2
A, = ” oklln + o 0k3333 + a3 oklln +
2
ko Kss Ko ki1 ko Ksz -
24 k33 + kll k33 !
ko Kk ko k ko k 2
A; = g Ko ki 4 Ko ks 4 3 Ko ku +
K11 k33 K11 (5 6)
2 .
Ko ka3 4 Ko Kkis ko ka3 .
34 k33 S kll k33 !
ko k ko k ko k 2
A, = 4l oklln + 4 0k3333 + 43 oklln +
2
ko Kss ko ki1 ko Ksz -
44 k33 + 5 kll k33 !
ko k ko k ko k 2
As = 51 oklln + 5 0k3333 + 3 oklln
2
ko k ko ki1 ko Kksz3 .
5y Ko ks + gko Kii ko kg3 .

k33 kll k33

These relations cortain no adjustable parameters. Dimensionless
coecients j depend, in the known way, on the averagepore shapes
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(via C; 4). The sensitivity to pore shapesis due to the fact that the
shapesa ect the conductivity and the plastic yield somewhatdi erently
(otherwise, relations (5.6) would have beenpore shape - independert).

Pore shape dependenceof relations (5.6) isillustrated in Figs6and 7.
Fig. 6 shows the sensitivity to pore shapesof coe cients . This sen-
sitivit y is relatively moderate (and negligiblefor the coe cien ts entering
As). Moreover, in the important limits of strongly oblate (cradk-like)
and strongly prolate pores(discussedin the text to follow), the curves
of Fig.6 become at, indicating that the sensitivity to the aspect ratio
vanishesin theselimits.

Fig. 7 givesa numerical exampleof recovering the plastic yield fac-
tors A; from the conductivity data. It is seenthat sud a recovery
requiresan information on the averagepore shapes (the curves corre-
sponding to di erent aspect ratios di er signi cantly).

Remark 4 Being sensitiveto pore shages, relations (5.6) are not sen-
sitive to the overall porosity p. This is a cons@uene of the fact that, in
the frameworkof Mori-T anaka'sscheme p a e cts the e ective elasticity
and the e ective conductivity in a similar way.

The utilit y of relations (5.6) is as follows. Without them, A; can be
expressedn terms of coe cien ts fim- characteristics of the pore space.
However, fir, require knowledge not only of pore shapes, but of their
orientational distribution aswell, including sud details as, for example,
the extent of orientational scatter about the dominart orientation. Sud
information may not be readily available.

Utilization of the cross-progerty correlation makesthis orientational
information unnecessary Indeed, if the conductivities are known, the
only additional information neededto construct the yield surfaceis on
the averagepore shape. Moreover, in the casesvhen poresare known to
have strongly oblate or strongly prolate shapes, no further information
on the porousspacegeometryis needed.

5.1 Strongly oblate (crack-lik e) pores

This particular caseis of interest, for example,in connectionwith porous
metals that have beensubjected to rolling. Expressions(5.5) take the
form:
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— 2(1 5) ko ki - - 4(1 5) ko ki1
fi= oo fo= o e
41 9) hk k ko K |
ﬁ3 = ﬁ4 - 01 ﬁS = (2 O)E Okllll + Ok3333 1 (5'7)

_ M1 ke k
ﬁe— (2 o)E Ok3333

and plastic yield factors A; are expressedn terms of conductivities:

2
—_ 81 o ko ki1 16 1 o ko ki1
Al - 31+ o ki + 3 2 o k11 !
1 ko k 1 2 ko k 2
= + 8L oko ki 4 0 ko ki .
A2 1 82 o ki 16 2 0 k11 !
- 1 ) ko k ko k
A; = 8 ol o o ki1 o kss
1+ 2 k k !
I+ 0)(2 o) 1 33 (5_8)
- 1 o Ko ki1 4 ko kas
As ﬁZ 0 K11 ka3 i

1 ko k ko k
+ o ko ki1 4 ko ka3
1 2 o Y kn k33

ko ki Ko Kss3
2 o k11 k33

1
(o]
N
=]

As

6 Conclusions

The paper overviewsthe recerily obtainedresultson correlation between
medanical and conductive properties of porous/microcracked materi-
als published in [6-10]. The derived cross{property correlations inter-
relate, in the closedform, the e ective conductivities and medanical
constarts (elastic compliancesand plastic yield factors) of anisotropic
porous/microcradked materials. They may be valuable for applications,
if one property (say, conductivities) is easierto measurethan the other
one (say, a full set of anisotropic elastic constarts). Sud correlations
may alsobe usedto optimize the microstructure for the best conmbined
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conductive/elastic performance. The derived correlations are approx-
imate. Their accuracy dependson the pore shapes and on the Pois-
son'sratio of the matrix; it remainsgood in a relatively wide range of
parameter. In this range, the e ective elastic properties are approxi-
mately orthotropic (for any oriertational distribution of pores)and the
orthotropy axesare coaxial to the principal axesof conductivity. Our
results are given in closedform that explicitly re ects inclusion shapes.
They are derived in the non-interaction appraximation. Howeer, the
experimertal veri cation showsthat the interactions a ect both groups
of properties - elastic and conductive - in a similar way, so that the
cross-progerty correlations derived in the non-interaction approxima-
tion cortinue to hold at high concertrations of the defects although
this approximation may yield substartial errors for eat of the prop-
erties separately The derived correlations cortain factors that depend
on the averagepore shapes. Their presencere ects the fact that pore
shapesa ect the elasticity and the conductivity di erently; otherwise,
the correlationswould have beenuniversal,independen of microgeome-
tries. Howewer, the information on the microstructure that is re ected
in these factors is much lessdetailed than the one required for a di-
rect expressionof the e ectiv e propertiesin terms of the microstructure
(for example, knowledgeof the orientational distribution of poresis not
needed). The practical utilit y of the derived cross-progrty correlations
lies preciselyin this fact: if the conductivities (or elasticconstarts) have
beenmeasuredthen the microstructural information neededo estimate
the elastic constarts (or conductivities) is rather minimal and approxi-
mate. A methodologyis suggestedo construct anisotropic plastic yield
surfacesof porous metalsin terms of electric conductivities. In [11] the
yield surfacesis constructedin terms of the porous spacegeometry (in-
cluding the orientational distribution). Howeer, this information may
not be readily available (particularly the information on details of the
orientational distribution of pores,like the orientational scatter about a
certain preferredorientation). The methodology proposedhererequires
the knowledge of conductivities plus an estimate of the averagepore
shapes. This information on the pore spacegeometry is rather mini-
mal. Moreover, in the caseswhen poresare known be strongly oblate
or strongly prolate, no further information on poresis required. The
conductivity-yield relations derived here hold if (1) material in the ab-
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senceof pores ("dense" material) has a clearly identi able yield point,
followed by a horizontal plateau, and (2) the porosity is of the order of
15%or lower.
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App endix A. Tensorial basis in the space of trans-
versely isotropic fourth rank tensors. Representa-
tion of certain transv ersely isotropic tensors in terms
of the tensorial basis

The operations of analytic inversion and multiplication of fourth rank
tensorsare conveniertly donein terms of specialtensorial baseghat are
formed by combinations of unit tensor j; and one or two orthogonal
unit vectors (seeKunin, 1983 and Kanaun and Levin, 1993). In the
caseof the transverselyisotropic elastic symmetry, the following basis
is most corveniert (it di ers slightly from the one usedby Kanaun and
Levin, 1993):

1 . T@ _ o
Tii(k)l = i kb Tij(k)l = (it ik i k)=2
3 L@ _
Tij( k)I = ij mem;; TI]( k)l - mimj KI
5
Tij(k)l = (wmm; + ymem; + jemm; + 5 mem;) =4;

Tij(6k)l = miym; mgm; (Al)
where j = j mm; and m = mi€ + My + M3e; IS a unit vector
alongthe axis of transversesymmetry. Thesetensorsform the closedal-
gebrawith respectto the operation of (non-commutativ e) multiplication
(contraction over two indices):

()-170) ()7T0) .
T V7T i K Tij ququI (A:2)



314 |. Sewstianov

The table of multiplication of thesetensorshasthe following form (the
column represetts the left multipliers):

TO [ 7@ | 7@ [T@O | TG [ T®6)
TO [ 2T® 0 [2T® 0 0 0

T® 0 |[T® 0 0 0 0

T® 0 0 0 [TW 0 T®
T® | 2T® 0 |2T® 0 0 0
TO 0 0 0 0 |TO®=2] 0
T® 0 0 0 [T®W 0 T®

Then the inverseof any fourth rank tensor X, aswell asthe product
X Y of two sud tensorsare readily found in the closedform, assoon
asthe represemation in the basis

X6 X6
X=X TJ®:y=YT® (A:3)
k=1 k=1

are established.Indeed:

a) inversetensorX 'de ned by X; mnXmnkt = Ximn X1 = Jij
is given by
x 1= 2oty e X3re Xiqe, Ao, Zate (ag)
2 X5 X5

where = 2(X1X6 X3X4).
b) product of two tensorsX : Y (tensorwith ij kI componerts equal
to Xij mn Ymnkl) IS

XY = (2X1Y1+ X3Y4)T(1) + X2Y2T(2) + (2X1Y3+ X3Y6)T(3)+

1
+ (2X4Y1 + XgYa) T® + §X5Y5T ® + (XeYs+ 2X,Y3) T®  (A:5)

If x5 is the axis of transversesymmetry, tensors T ®;:::: T (6 given by
(A1) have the following non-zerocomponerts:

(1) o - 7@ 1)
T = T = Tie = Toon = 1
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@ @ @ @ @ _ @ _1
T1212 T2121 T1221 T2112 Tllll T2222_ é

@ @ _ 1

T1122 T2211 é

®) @ _ .
Tll33 T2233 1 (A 6)
@ @ _

T3311 T3322 1

(5) (5) (5) (5) (5) (5 _— 106 e _ 1
T1313 T2323 Tl331 T2332 T3113 T3223 T3131 T3232 Z_
6) _—
T3333 =1
Generaltransverselyisotropic fourth-rank tensor, being represerted
in this basis X

——— Tm

ij ki m ij ki
hasthe following componerts:
1= (unnt 112272 2= 2 12127 3= 1133 a= 3311 (A7)

5= 4 13137 6= 3333

Utilizing (A.7) one obtains the following represetations:

Eensor of elastic compliancesof the isotropic material Sj =
Sm Tk hasthe following componerts

S, = 17-5 = i
YTac@+ ) P 26
1 1
S3= 54 = m, S5 = G’ Se = m (A:8)

pensor of elastic stiness of the isotropic material by Cj =
tm T hascomponerts

= +G;=2GG=0=; =4G; = +2G (A:9)

where =2G =1 2).
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Figure 1: Accuracy of the appraximate represemation of the pore com-
pliance tensor H as a function of pore aspect ratio  for seeral values
of 0

Unit fourth rank tensorsare represered in the form

1
Ji,(l|2| = (ki t i k)=2= éTijlkl + Tijzkl + 2Tij5kl + Tij6k| (A:10)

2 .
‘]ij( k)l = 0 k= Tijlkl + Tij3k| + Tiflk| + Tij6k| (A:12)

o . P
Eshelly's tensorfor spheroidalinclusions;; = S Tij"‘kI hascom-
ponerts

1 3 4
e — . e: .
S| = 72(1 )f0+f1, S, —2(1 )fo+f1,
S 1 fo 2f1;s3= 1—(1 2fo) 2 4; (A:12)

se=2(1 fo 4fy); sE=1 2o+ 4fy;

wherefy and f, are given by (2.5).
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Figure 2: Factors ertering approximate expression(3.1) for the com-
pliance cortribution tensor H as functions of pore aspect ratio and
Poisson'sratio of the matrix . Curvesl, 2, 3, and 4 correspnd to B4,
B,,B3, and B,4. For oblate shapes( < 1) factors B; erter in product
with pore aspectratio , to avoid degeneracyfor small
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Figure 3: Factors entering expression(2.11) for the resistivity cortri-
bution tensor as functions of pore's aspect ratio . For oblate shapes
( < 1) factors A; erter in product with pore aspect ratio , to avoid

degeneracyfor small
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Figure 4: Cross-progerty correlation for aluminum foam. (a) A typical
cross-sectiorof AIMg1Si0.6aluminum foam; (b) Electric conductivity of
aluminum foamasa function of (1  p); (c) Comparisonof Young'smod-
ulus of aluminum foam calculated via cross-progerty correlation with
experimerntal measuremets
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Figure 5: Fatigue experimert. (a) A schematic diagram of the exper-
iment set-up; (b) A typical cross-sectionof the Al alloys composition
subjected to cyclic loading; (c) Changein electric conductivity as a
function of loading cyclesnumber for di erent volume concertrations of
inclusions(1- 15%,2 - 20%, 3 - 25%); (d) Changein Young'smodulus as
a function of loading cyclesnumber for di erent volume concertrations
of inclusions (1- 15%, 2 - 20%, 3 - 25%): theoretical predictions and
experimertal measuremets
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Figure 6: Dependenceof coe cients j ertering plastic yield factors A;
on the averagepore aspect ratio
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Figure 7: Plastic yield factors A; in terms of conductivities, for various
averagepore aspect ratios  (a numerical example)



Correlation betweenmedanical and conductive properties... 323

P.,% 0.84 | 0.82 | 0.80 | 0.79 | 0.77 | 0.76 | 0.71 | 0.00
Kert 10° S/m 2.23 | 258 | 2.77 | 3.23 | 3.50 | 3.48 | 4.83 | 37.6
Eeff -experiment,GPa | 3.20 | 3.86 | 3.81 | 4.98 | 5.48 | 5,50 | 7.07 | 70.0
Eef¢ -theory, GPa 3.46 | 3.66 | 3.94 | 461 | 500 |4.96 | 6.96 | 70.0
Disagreemenm 7.5% | 52% | 3.3% | 7.4% | 8.8% | 9.6% | 1.8%

Table 1. Comparisonof the experimertally measuredYoung'smod-
uluswith calculatedvia e ectiv e electricconductivity with cross-proerty
correlation at various levels of porosity p.

Pois- . Electrical .
Young's ol Yield ec”""'_" Melting .
soris conducti- . Density
modulus . strength ) point
ratio vity
Aluminum
9124-T351 73 GPa 0.33 325MPa | 22.7MS/m | 773K 2.78
Aluminum
3003-H18 69 GPa 0.33 185MPa | 23.3MS/m | 916K 2.73

Table 2. Material properties of the constituertsof aluminum alloy
composition usedin fatigue experimerts: Aluminum 2124-T351(matrix)
and Aluminum 3003-H18(inclusions)



324 |. Sewstianov

Korelacija izmedju mehani ckih i konduktivnih
osobina metala poroznoih ili sa mikroprslinama

UDK 531.01,537.634,539.42

Razlicite zi cke osobineanizotropnih materijala poroznoihili samikro-
prslinama- posebncelasticnei konduktivne - moguseeksplicitno povezati.
Prakticna korist ovakvih relacija lezi u cinjenici da se jedna osobina
(recimo, elektricna provodnost) moze lakse meriti od neke druge (rec-
imo, celog skupa anizotropnih elasticnih konstanata). Jos jedna pri-
mena su vestacke mikrostructure dizajnirane za optimalnu elasticno-
provadnu svrhu Ove su relacije, izvedeneiz mikromehanickih razma-
tranja, potvrdjene eksperimertima na nekoliko heterogenihnmaterijala.
Pokazanoje, takodje, da se anizotropna povrs tecenja za neki porozni
zilavi materijal mozekonstruisati iz merenjaefektivnih elektricnih provod-
nosti. lzvedeneunakrsnekorelacije osobinasu osetljive na kolicnike as-
pekta pora i Poisson-oe koe cijente devicanskih materijala.



